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12 Maps and Models - Approaches to Vectors
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# Usingthe table of distances
ina road atlas, a map showing
the rlative positions of towns
can be built up and the geo-
metric meaning of vector
addition emphasised

# At a more advanced level,
one might then gio on to make
points about writing the laws
of physics in an invariant way
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When students first meet vectors they
can get lost in the complexities of
Pythagoras and trigonometry, losing
aght of the fundamental, geometric
1deas. To help them with the detail they
first need to develop intuitive 1deas about
the meaning of what they are doing;

Very often, wectors are introduced mn the context of
mechanics and the vectors imealved — w]o-cil:y. accelera-
tion, force — are rather abstrace. This abstraction presents
an additional chaacle to stdents when thc’y b-:y‘n bo
grapple with mathematical detal. So how can we develop
.gmd ph\lﬁicnl :in:ight — a feel” for the mathematcs —
alongmide technical detol?

Twwn approaches are considersd here. The first begins by
tabung a familiar example — a mad map - and developing
1leas about vector a.d:]iti.on. Ivariance under rotation and
resolution nto componenis in a geometric way: By inibal-
]1_.' atu&ding maore abstract ideas about forces and moticn,

the formalsm can be developed wathout too many new
concepts b-eing intraduced bogcther. The second imvohes
the use of computer medelling to enable shidenis to see
what avector En, what 1 means to add vectors togcthcr and
to find components, by making absract ideas more con-
crete.

Thevector quantites that we encounter when we study maps
are displacements

Motorsts' handbocks often m\e tables of the distances
between towns What the table does not tell us is the direc-
tiem from one town to anothen ch:’iﬂlﬂ}:ﬁit.z poc::ible te fimcd
the relatve directions just from the dstances. Finding out
hens ter o this can help stadents to undersand hosw vector

Ta get at a passible layout of these towns, lines propor-
tonal to 428 km and to 428 km can be anchored on Lyon
and Marseille, and rotated until they meet. (It should ke
clear that the location of Bordeavuy 5 not the only possible
one — the lines would meet just as well above and to the
right of Lyon and Marssille.) From ths example, sudents
can begin to get an idea of how vector addition works: wec-
tors are added geometncally by placing them tp to txl
and the magnitude of the vector sum is not the same as the
sum of the magnitudes.

Lking this example, we can introduce students to anoth-
er important piece of mathematics. The mangle Bordeanx
—Lyon-Ndarseille looks as if the angle at Lyon is neady a
rght angle. This can be tested, vsing Pythageras® theorem:
(Bordeaux—Lyon  distance/km)®  +  (Lyon—Mars=ill=
distanceJan® = 254000

The square raot of this 15 504 km. It & the distance it
would be from Marseills to Bordeanx if the angle were a
right angle. The actual distance, 498 km, is quite close.

By using a road adas tble of dstances, a map showing
the relative positions of towns can be built vp and the geo-
metric meaning of vector addition emphasissd. However,
it & quite clear that we have no way of knovang which way
up the map should go. Morth might be in any direction.
Figure 3 shows the map rotated so that Narth is, in fact,
vertical

What this tells 1 is that the coordinate system we use
does not alter the relationship between vectors, nor the
vectors themsehoes, They ar geometnic cbjects In partic-
ular, their lengths are imariant under rotations, and simi-
lar conchsions can be drawn about reflections. At a more
advanced level than we are discussing here, one might
then want to go on to make points about writing the laws
of phy=ics in an imarnant way A consideration of such
imvariants, even at & level, could be used to make a link
with special relatiaryg, where the space—time interval
between two events is an invariant, the Tength” of a four
chimensional vector

quanties combine, indeed what a vector quantity actually s.

Clomsider one simple case. The distance as the crow flies
from Calos to Marseille & 872 km. The dstance from Calas
to Lyon & 812 km, and the dstance from Lyon bo Marseille
15 270 k. Lyon should e very neady on a straight line from
Clalais to Marseille and youl should be able to se= u'hy! Ths
Ahaton approamates very clossly to the sort of scalar addi-
tion that students are used to — but not q_uibe.

Farsila
Fgure | Calais, Lyon and Marsalle must Lie
ncarl\_.' on a:traight]ine

Marseille to Bord=avx 1s 428 km, and Lyon to Bordeanx &=
426 km. We already know that Lyon to Marseile 5 270 km.
These distances do not add up! The path: must be anglcd.

Figure 2 Lyon, Marseille and Calais are
NOT in astraight hine
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The resclation of vectors inte particular components
can be considersd, once a particular coordinate system has
been established. We could ade the question, I we dnve
from Mars=ille to Bordeans, how far towards Calak have
we got™ Ohne arswer is that since we were not heading the
right wary, we have gone 498 km and have &35 km left to go
in a different direction. This is the answer the drver of the
car would have to gree to the not-too-pleased pasengers

Another answer is that we have gene about 200 kim alang
the true direction, Marseille—Calais. That does not seund
very sensble, since at Bordeaux we are nowhers near
Lyon, hoving gone more than 400 km West as well. Tt
sounds a bit more sensible i we ade how far Morth we have
gome from Marseidle, Then (Gf Calas is due Nerth of
Marseile, which is nearly true) the answeris about 200 km
due Morth. This is shown in fgure 3.
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Figure % Hew far towark Calas dowe get by driving
from Marseille to Bardeaus?

By considenng such ideas, students can begin to under-
sand what a component actually is in a very concrete way,
hefore the intreduction of trigonometnc techmiques and
hefore the resolution of more abstract vectars,
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Figure 4 AMadellus medel that can
ke used to develop intuitive ideas
abeout the meaning of a velocity vector

Figure 5§ Vector addition in Meodellus
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* When students can move
vectors around and see the
result of the vectoraddition
instantly, their intuitiie
understanding surely must
o

# Students should ukimately
be able to esokve and add
vectors without the aid ofthe
computer
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So, the idea of maps can lead sudents towards an under-
standing of what a vector actually is, of hew vectar addi-
tion works, of the meaning of Pythagoras' theorem, of
what components are and towards ideas about Imanance
and symmetry: All these ide=as are developed 10 a familiar
context and in a VETY Concrete way Mo abstract appL‘i-
cations of the ideas can now be tackled with shadents con-
fidentin their unc]-erstnncﬁng of the fundamental ideas.

Computer medelling provides anotherway of seaing directly what
the mathematics means and of developing an intuithee fesl for it
The models described here were written using “Modelhs”,
a system developed at the Mew Unpversity of Lebon. The
system allows you to define a mathematical model (using
the same notation as ene would on paper) and then repre-
sent the medel graphically, & a tabulated set of values or
as an animation. Figure 4 shows the animation of a very
simple model that develops an idea of what the velocity
vector means.

The software provides its cown tme varakle, £, so that
difference equnlions can be written to define twio cormpo-
nents of vel.ociry. These are used in the animation window
to attach a vector with thess components to an obje{ N
this case a ball. The posil:ion af the hall on the soreen &
.p'wen I:I_'( the values of ¥ and . When the madel is nan, the
user is able to gmb the ball with the cursor and move it
arcund the sereen. Dioing so changes the values of x and
and the scfbware adds the velocity vector to the abject. By
dragmng the ball arcund the screen, the student eperi-
ences chirectly what the velocity vector means: it tells her
which way she is moving her moose and how fast. The
abstract becomes concrete and the mathematics is bed to
experience.

The ability to grab hold of objects in the animation win-
dowe and move them around provides a way of developing
a ,gu-:nd intuition for the mathematics. A secand ua.mple
5haw'lng hens wvectors are added illustrates this In the
mo:]eL. a d:iag:r:lm of two wvectors and thelr resultant =

The Parabofic Flight of 3 Ball

Run the model to see

5 o the force of gravily
gradualy changes the
weloeiy of the ball

Welac ity

wecior

Rasuilant velocity

Figure 7 Animating parabalic motion and showing how
vector addition leads tothe projectle’s path

addition. A small ch:mge in the veloc i.l'!.' af the pu'\ojec tl= is
induced moment by moment by the acceleration due to
gravity. This process can be modelled by calculatng

showen, with construction lines to show how the parallela-
gram rule is used. When the meodel is running, the student
15 able to grab hold of either of the vectors and move it
around. The resultant changes accordinghy:

The power of the program is difficult to demonstrate on
pnper,but when students can meove vectors around and see
the result of the vectar addinan instanﬂl_.-, ther intumiive
understanding sur\e}y has ta grons, The comp]i.cati.ons of
scals drm'\-'.ing are handled l:ﬂt.I the software, while the stu-
dent gnin: chrect upcri::nce of what vector addibon
means

A third example concems resclution of vectors into com-
ponents. Again, Modellus allows dirsct manipuladon of a
vector and a visual resclution into components. The rele-
vant window & shown o figure B,

After sLarting the ool
e the grey wechor ip =e
hows the components and
the magnitude change
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Figu:e & Modelhes can be used to show how vectors are
msolvedinio COTIpone nls,and the resolution can be
animated by drageing the grey vector around an the screen

Again, the tp of the vector can ke moved around on
screen and the components followe The mathematical
medel contralling ths anmation & a simple statement of
Pythagoras' theorem, but it could equally well have been
writhen using tigonometry By setting up much amodel for
thems=hes, sudents are able to check that they have han-
dled the mathematics comectly: any emors are imme diate-
ly apparent on scTesn when the model is run.

As a final example, comsider progectile motion. The par-
abalic p:u:h fallowed lw L pn:bjecti]e & the result of vector
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changes to the velocity cver a finite time step. The new
ve]o-cih_.' 15 then used to Ccompubes the pnrh aver the next
time sep be=fare the w]o-:iry' E upd:lbec] aga:in. The whdle
process may be animated as, step by step, the projectle
crosses the screen and vectors are added to the path. The
animation windew from Modellus in fgure 7 shows ths
wecbor addition pi.c bm'iall‘_f:

Perhaps, then, comparber modeuing can help at least
some students gain an understanding of vectors thraugh
interacting with animations. In this way, ahstract concepis
can be made more concrete and the complex mathemat-
ics given meaning in the mind of the smadent. OF courss,
Cormpuater moc]euing 1s not the solutian to ever!.'cme"spu'ob-
lems and the examples given hers are no more than a
beginning. We would stll expect cur students ultimately to
be able to resalve and add vectors without the md of the
cormputer, bt the computer mary pr\o‘v’ﬂe a genr]c'r mtro-
duction to some abstract ideas. Students might then be less
intimidated and more successful when they encounter
more abstract ideas

DISCUSSIO

N POINTS

® Defining vectors simply as quantities that
have magnitude and direction is unhelpful.
The key thing is knowing how they are
added.

® Bepinning with displacements that can be
added “up totail’ builds on students’
intuition and makes vector addition
straightforward.

# The displacement vector is too directly
descriptive a starting point. It is quite
different from other vectors such as force.

# Notation between mathematics and pliysics
courses needs to be standardised. There
could be more two-way cross-fertilization
between mathematics and physics.
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