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Teil me what you are doing - discussions with teachers and 

children*' 

K a t h l e e n H a r t 
C h e l s e a C o l l e g e , London U n i v e r s i t y 

T h e r e a r e few p l a c e s i n the w o r l d where p e o p l e a r e s a t i s f i e d w i t h the 
m a t h e m a t i c a l u n d e r s t a n d i n g d i s p l a y e d by t h e i r c h i l d r e n , w h a t e v e r the 
c r i t e r i a o f s u c c e s s d i c t a t e d by e i t h e r the needs o r the e d u c a t i o n a l 
p h i l o s o p h y o f the c o u n t r y . The f a u l t may l i e i n the n a t u r e o f 
mathemat i c s (or the n a t u r e o f the mathemat i c s we choose to t each ) o r 
i n the methods we use to t each i t . I s u g q e s t however t h a t u n l e s s we 
can somehow match the mathemat i c s to the c h i l d v e r y s o o n , we a re i n 
g r a v e danger o f l o s i n g mathemat i c s as a s c h o o l s u b j e c t , a c c e p t e d by 
e d u c a t o r s as a n e c e s s a r y p a r t o f e v e r y c h i l d ' s e d u c a t i o n » It may be 
r e p l a c e d by s o c i a l a r i t h m e t i c and the use o f the c a l c u l a t o r f o r the 
m a j o r i t y o f c h i l d r e n w i t h mathemat i c s r e s e r v e d f o r an e l i t e few, as 
the s tudy o f Greek i s today i n B r i t a i n . Some wou ld c o n s i d e r t h i s a 
s e n s i b l e s t e p but i f o n e ' s p h i l o s o p h y o f e d u c a t i o n i n c l u d e s the 
d e s i r a b i l i t y o f g i v i n g a l l c h i l d r e n a c c e s s to t h e i r c u l t u r a l h e r i t a g e 
and the p r o d u c t s o f man's r a t i o n a l n a t u r e then the s u g g e s t i o n i s to be 
d e p l o r e d . The o n l y a l t e r n a t i v e t h e r e f o r e i s to r e c o n s i d e r the way we 
t e a c h the s u b j e c t and how we s e l e c t m a t e r i a l o f a s u i t a b l e l e v e l f o r 
the p u p i l . The s u i t a b i l i t y depends to a l a r g e e x t e n t on the l e v e l o f 
knowledge a l r e a d y p o s s e s s e d by the c h i l d and a d i s c u s s i o n o f the 
methods we might use to d i s c o v e r t h i s l e v e l form the major p a r t o f 
t h i s p a p e r . 

The c h i l d ' s l e v e 1 o f knowledge 

The means by w h i c h we a s c e r t a i n what c h i l d r e n u n d e r s t a n d seem to form 
a h i e r a r c h y o f r e s p e c t a b i 1 i t y i n the minds o f p a r e n t s , e m p l o y e r s and 
e d u c a t o r s . T e s t pape r s wh i ch a r e p u b l i s h e d and t h e r e f o r e c o s t money 
a r e deemed s u p e r i o r to those w r i t t e n by the c l a s s t e a c h e r . P r i n t e d 
m a t t e r i s i n i t s v e r y n a t u r e though t s u p e r i o r to o r a l c o m m u n i c a t i o n 
a l t h o u g h i t i s t h i s l a s t t h a t a d u l t s r e l y on i n t h e i r o r d i n a r y d a i l y 

*) D i t a r t i k e l v e r s c h e e n i n de P r o c e e d i n g s o f the 7th I n t e r n a t i o n a l 
C o n f e r e n c e on the P s y c h o l o g y o f Ma themat i c s E d u c a t i o n ( P u b l i s h e d by 
the Weizmann I n s t i t u t e o f S c i e n c e , R e h o v o t , I s r a ë l , 1983 ) . 
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l i f e . A - g r o w i n g body o f r e s e a r c h i s now based on d a t a o b t a i n e d from 

i n t e r v i e w s a l t h o u g h t h i s method o f a s se s sment i s l e s s p o p u l a r w i t h 

t e a c h e r s , T h e r e a r e a number o f drawbacks to the i n t e r v i e w method, as 

we a r e reminded by C a r p e n t e r , B lume, H e r b e r t , A n i c k and Pimm (1982) i n 

t h e i r Review o f R e s e a r c h on A d d i t i o n and S u b t r a c t i o n . 

Opper (1977) p o i n t e d o u t some o f the p r o c e d u r a l d i f f i c u l t i e s 
a s s o c i a t e d w i t h the i n d i v i d u a l i n t e r v i e w m e t h o d 0 Among these were 
(a) the p o s s ï b i l i t y t h a t the c h i l d wou ld not be a t ease and p e r f o r m 
n a t u r a l l y i n the c o u r s e o f d i a l o g u e w i t h the i n t e r v i e w e r , (b) the 
p r o b l e m o f the i n t e r v i e w e r m a i n t a i n i n g n e u t r a l i t y and a v o i d i n g 
a t t e m p t s t o e l i c i t ' c o r r e c t ' a n s w e r s , (c) the m i s u n d e r s t a n d i n g o f 
language not a d j u s t e d t o the c h i l d ' s l e v e l , (d) i n s u f f i c i ë n t t ime 
f o r the c h i l d t o r e f l e c t on the p r o b l e m and t o d e v e l o p h i s / h e r 
e x p l a n a t i o n s , and (e) the i n t e r v i e w e r ' s i n t e r p r e t a t i o n o f the 
c h i l d ' s a c t i o n s and r e s p o n s e s on wh i ch s u b s e q u e n t q u e s t i o n s a r e 
b a s e d » 

One o f the most s e r i o u s p rob lems w i t h i n t e r v i e w d a t a i s t h a t 
c h i l d r e n ' s e x p l a n a t i o n s o f how they s o l v e d a p r o b l e m may not 
a c c u r a t e l y r e f l e c t the p r o c e s s e s t h a t they a c t u a l l y u s e d . The 
i n t e r v i e w p r o c e d u r e may change how a c h i l d s o l v e s a p r o b l e m , o r 
c h i l d r e n may have d i f f i c u l t y a r t i c u l a t i n g the p r o c e s s t h a t they 
r e a l l y used and t h e r e f o r e d e s c r i b e a n o t h e r p r o c e s s t h a t i s e a s i e r 
to e x p l a i n » Or they may t r y and s e c o n d guess what they t h i n k the 
i n t e r v i e w e r i s l o o k i n g f o r » A n o t h e r s e r i o u s p r o b l e m i s t h a t the 
i n f e r e n c e s drawn f rom an i n t e r v i e w i n v o l v e a g r e a t d e a l o f 
s u b j e c t i v e judgmeht on the p a r t o f the e x p e r i m e n t e r ( p g . 5 4 ) . 

A l t h o u g h the l i s t i s d a u n t i n g , the o b j e c t i o n s can a l l be made e q u a l l y 
a g a i n s t the method o f a s se s sment we have been u s i n g f o r many y e a r s 
l i s t s o f c o m p u t a t i o n s to be c o m p l e t e d i n a f i x e d t ime i n a f a i r l y 
h o s t i l e a t m o s p h e r e . The g r e a t e s t d i s a d v a n t a g e o f a r e s e a r c h 
methodo logy based on the a c q u i s i t i o n o f i n t e r v i e w d a t a i s pe rhaps the 
amount o f t ime t h a t needs to be s p e n t i n o r d e r to t r u l y l i s t e n to a 
c h i l d and then t o t r a n s c r i b e the i n t e r v i e w . It i s t h i s perhaps w h i c h 
l e a d s r e s e a r c h e r s to l i m i t the type o f q u e s t i o n d i s c u s s e d and the 
number o f c h i l d r e n i n t e r v i e w e d o r i n d e e d t o t r y to s h o r t e n the who le 
p r o c e s s by ^ r o v i d i n g ' i n t e r v i e w ' b o o k l e t s w h i c h can be c o m p l e t e d by 
the c h i l d w i t h a p e n e i 1 and then ' m a r k e d ' by the r e s e a r c h e r . If we 
l i m i t the means by wh i ch the c h i l d c an answer we l i m i t the r i c h n e s s o f 
o u r d a t a , To f i n d out what c h i l d r e n u n d e r s t a n d we must take i n t o 
a c c o u n t what they ' g e t wrong ' and why they f a i l to f u n c t i o n a d e q u a t e l y 
i n c e r t a i n a r e a s . To do t h i s we need t o p r o v i d e an o p p o r t u n i t y f o r the 
c h ! ! d to convey h i s though t s t o u s „ 
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We wou ld hope to i n f l u e n c e t e a c h e r s w i t h our r e s e a r c h so we must 

t r y to d e s i g n r e s e a r c h t h a t they w i l l b e l i e v e , T h i s means tha t our 
i n t e r v i e w s s h o u l d be so s t r u c t u r e d t h a t the t e a c h e r can r e p l i c a t e the 
type o f d i s c u s s i o n and so v e r i f y the r e s u l t s we have o b t a i n e d , b e s i d e s 
p o s s i b l y a d d i n g t o h i s own r e p e r t o i r e o f t e a c h i n g s k i l i s by using 
i n t e r v i e w t e c h n i q u e s , T e a c h e r s a r e engaged in w o r k i n g with g roups of 
c h i l d r e n and a c l a s s i s seen as n e e d i n g s ometh ing in common not as a 
s e t o f i n d i v i d u a l needs . The i d e n t i f i c a t i o n o f a l e a r n i n g d i f f i c u l t y 
w h i c h i s common to many i s o f more i n t e r e s t to t e a c h e r s than the 
p i n p o i n t i n g o f a un ique s i t u a t i o n , so a n e c d o t a l d a t a w h i c h might 
r e l a t e to o n l y one o r two s p e c i a l c a se s i s o f l e s s va lue, To i n f l u e n c e 
the p r a c t i c e o f t e a c h i n g , r e s e a r c h e r s must p r o v i d e i n f o r m a t i o n to 
w h i c h t e a c h e r s can r e l a t e and a c t upon . 

R e s e a r c h us i ng i n t e r v i e w s 

The r e s e a r c h c a r r i e d ou t a t C h e l s e a C o l l e g e o v e r the l a s t nine 
y e a r s has been f o c u s s e d on c l a s s r o o m p r a c t i c e and d e s i g n e d to give 
i n f o r m a t i o n to t e a c h e r s » We have employed i n t e r v i e w s e x t e n s i v e l y 
b e s i d e s co 1 l e c t i n g d a t a i n the more f o rma l a tmosphere o f m a t h e m a t i c a l 
t e s t s . The work o f the Concept s i n Secondary Ma themat i c s and S c i e n c e 
P r o j e c t ( H a r t , 198 l ) gave us a c r u d e p i c t u r e o f wh i ch a s p e c t s in 
e l e v e n d i f f e r e n t m a t h e m a t i c a l t o p i c s were easy f o r s e c o n d a r y age 
c h i l d r e n and w h i c h more d i f f i c u l t . The methodo logy i n v o l v e d the use o f 
word p rob l ems f i r s t l y i n an i n t e r v i e w Schedule and then i n p a p e r and 
p e n e i 1 f o r m a t , The l a t t e r e n a b l e d us to o b t a i n a b road v iew o f the 
m a t h e m a t i c a l p e r f o r m a n c e o f c h i l d r e n i n the 11-16 age r a n g e , w h i l s t 
the 300 i n t e r v i e w s e n a b l e d us t o put f o r w a r d t e n t a t i v e rea sons f o r the 
d i f f e r e n t l e v e l s o f d i f f i c u l t y » 

From o u r t e s t i n g (n = 10,000 c h i l d r e n aged 11-16) i t seemed t h a t a t 
l e a s t h a l f o u r s e c o n d a r y p o p u l a t i o n was r e s t r i c t e d to the a b i l i t y to 
s o l v e i tems w h i c h r e q u i r e d a t most two s t e p s f o r s o l u t i o n , l a r g e l y 
i n v o l v e d who le numbers and c o u l d be c o m p l e t e d n e a r l y a lways by the use 
o f the o p e r a t i o n s o f a d d i t i o n o r c o u n t i n g , C o u n t i n g i s one o f the most 
p r i m i t i v e methods f o r s o l v i n g a r . i t h m e t i c p rob lems a l t h o u g h f o r young 
c h i l d r e n i t has the advan tage o f r y t h m i c naming e n c o u r a g e d by p a r e n t s 
and g r a n d p a r e n t s and the s a t i s f a c t i o n o b t a i n e d f rom t a p p i n g w i t h a 
f i n g e r . E a s l e y (1982 ) , i m p r e s s e d by the m a t h e m a t i c a l a t t a i n m e n t i n one 
Japanese s c h o o l , s u g g e s t s t h a t one r e a s o n f o r the g r e a t e r number 
d e x t e r i t y e x h i b i t e d by the c h i l d r e n t h e r e was the ab sence o f c o u n t i n g 
i n Grade One. The c h i l d r e n i n K i tamaeno S c h o o l d i d v e r y . l i t t l e 
c o u n t i n g and c o n c e n t r a t e d on p a r t i t i o n i n g and r e g r o u p i n g , 

W i t h A m e r i c a n t e a c h e r s i n t h i r d g r a d e w o n d e r i n g , 'How can I ge t the 

c h i l d r e n t o ' s t o p c o u n t i n g ? ' i t was i m p r e s s i v e to see t h a t c o u n t i n g 

was not n e c e s s a r y . C o u n t i n g i s a t e r r i b l y i n e f f i c i ë n t method but 
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i t 1 s the f o u n d a t i o n o f our c u r r i c u l u m , So we wanted to see a" 

c u r r i c u l u m i n a c t i o n where c o u n t j n g i s not so c e n t r a l . C o u n t i n g i s 

one o f those p r o c e d u r e s w h i c h i s v e r y u s e f u l a t t i m e s , but 1 ike any 

p r o c e d u r e , w i l l not get you what you want , i f you want m a t h e m a t i c a l 

t h i n k i n g and g r e a t e r c o n f i d e n c e i n t a c k l i n g p r o b l e m s . As we have 

s e e n , a s e t o f c o u n t i n g a l g o r i t h m s w h i c h c h i l d r e n l e a r n s e t s the 

t o n e , the p a c e , the a t t i t u d e , f rom the f i r s t g rade ( p g » 2 3 ) . 

The f a c t t h a t a d o l e s c e n t s o f 15 y e a r s were u s i n g c o u n t i n g , was found 

from a s k i n g them how they a t t e m p t e d to s o l v e the p r o b l e m s , we wou ld 

not n e c e s s a r i l y have d i s c o v e r e d t h i s e x c e p t th rough i n t e r v i e w s . 

A l t e r n a t i ve Frameworks 

T h e r e i s a g row ing body o f r e s e a r c h i n bo th ma themat i c s and s c i e n c e 
e d u c a t i o n w h i c h i l l u s t r a t e s how c h i l d r e n a r e e m p l o y i n g s t r a t e g i e s 

w h i c h a r e not t e a c h e r t aught and w h i c h were u n r e c o g n i s e d b e f o r e 

c h i l d r e n were a sked to e x p l a i n what they were d o i n g , One r e c e n t 
s t a t e m e n t on a l t e r n a t i v e methods was made by C o l l i s and Romberg 
(1981) , who r e p o r t e d on the r u l e s used by c h i l d r e n aged f rom f o u r t o 
e i g h t y e a r s (of d i f f e r e n t ' C o g n i t i v e P r o c e s s i n g C a p a b i 1 i t i e s 1 - CPC) 
when f a c e d w i t h a d d i t i o n and s u b s t r a c t i o n p r o b l e m s : 

C h i l d r e n a t a l l CPC l e v e l s use the t aught a l g o r i t h m i n f r e q u e n t l y , 
Latween o n e - f i f t h and o n e - f o u r t h o f the number o f t imes when i t i s 
a p p r o p r i a t e , They appea r to p r e f e r to f a l l back om more ' p r i m i t i v e ' 
s t r a t e g i e s such as c o u n t i n g w h i c h they have used s u c c e s s f u l l y 
p r e v i o u s l y . . . . . It i s o f i n t e r e s t to no te t h a t when the c h i l d r e n 
c e a s e to use i n a p p r o p r i a t e s t r a t e g i e s they do n o t , i n the m a i n , 
t u r n to the a l g o r i t h m wh i ch has been taught as the a p p r o p r i a t e 
s t r a t e g y . In f a c t , f o r t h i s p o p u l a t i o n , the use o f the a l g o r i t h m 
does not i n c r e a s e s i g n i f i c a n t l y w i t h i n c r e a s i n g CPC l e v e l ( p g , l 4 0 ) . 

The CSMS i n t e r v i e w s tended to show that . s e c o n d a r y s c h o o l c h i l d r e n were 
e m p l o y i n g s t r a t e g i e s i n ma themat i c s w h i c h were adequa te f o r some o f 
the q u e s t i o n s they were a sked to s o l v e but u n l i k e the a l g o r i t h m s they 
had been t a u g h t , they were not gene ra 1 i s a b 1 e . Fo r e x a m p l e , a p r o c e d u r e 
o f r e p e a t e d h a l v i n g i s a d e q u a t e f o r d e a l i n g w i t h r a t i o n s 3 :2 , 5:2 but 
does not g e n e r a l i s e to f i n d i n g an e n l a r g e m e n t i n the r a t i o 5 : 3 . Most 
s e c o n d a r y s c h o o l ma themat i c s i s c o n c e r n e d w i t h f o r m a 1 i s a t i o n and 
g e n e r a l i s a t i o n and i f the c h i l d i s to s u c c e e d he must ' p l a y t h i s 
g ame ' . Vergnaud (1983) s t a t e s : 

The f o r m a t i o n o f a c o n c e p t , e s p e c i a l l y when you look a t i t t h rough 
p r o b l e m - s o 1 v i n g b e h a v i o u r , c o v e r s a l ong p e r i o d o f t i m e , w i t h many 
i n t e r a c t i o n s and many d e c a l a g e s . One may not be a b l e to u n d e r s t a n d 
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what a 1 5 - y e a r - o l d d o e s , i f one does not know the p r i m i t i v e 

c o n c e p t i o n s shaped i n h i s mind when he was 8 o r 9, o r even 't o r 

5, and the d i f f e r e n t s t e p s by wh i ch these c o n c e p t i o n s have beon 

t r a n s f o r m e d i n t o a m i x t u r e o f d e f i n i t i o n s and i n t e r p r e t a t i o n s „ It 

i s a f a c t t h a t s t u d e n t s t r y to make new s i t u a t i o n s and nêw c o n c e p t s 

m e a n i n g f u l t o t hemse l ve s by a p p l y i n g and a d a p t i n g t h e i r fo rmer 

c o n c e p t i o n s ( p g „ 1 7 ) , 

To t h i s I wou ld add - sometimes the a d a p t a t i o n i s a renewed a l l e g i a n c e 
to a n a i v e v e r s i o n w i t h wh i ch they f e e l c o m f o r t a b l e and c o n f i d e n t » 
The non t aught m a t h e m a t i c a l methods used by c h i l d r e n w e l l i n t o t h e i r 
s e c o n d a r y s c h o l i n g may be ' n a i v e ' s t r a t e g i e s they l e a r n e d when young 
and w h i c h a r e assumed by t e a c h e r s and t e x t b o o k s to h a v e , b e e n r e p l a c e d , 
o r they may be i n v e n t e d o r 'common s e n s e ' t e c h n i q u e s , As p a r t o f the 
r e s e a r c h c a r r i e d ou t f o r the B r i t i s h government r e p o r t on mathemat i c s 
e d u c a t i o n (Committee o f E n q u i r y , 1982) , F i t z g e r a l d ( U n i v e r s i t y o f 
B a t h , 1981) and S e w e l l (1981) showed t h a t a d u l t s se 1 dom used taught 
a l g o r i t h m s i n the mathemat i c s they used i n e v e r y d a y 1 i f e but they cope 
by u s i n g t h e i r own n o n - s t a n d a r d methods , 

The n o t a t i o n o f f r a c t i o n s a p p e a r s i n some c l e r i c a l and r e t a i I j o b s , 
f o r i n s t a n c e 4 3/7 to r e p r e s e n t 4 weeks and 3 days- o r 2 5/12 to 
r e p r e s e n t 2 dozens and 5 s i n g l e s , However, s c h o o l - t y p e m a n i p u l a t i o n 
i s r a r e l y found and then o n l y i n v e r y s i m p l e c a s e s ; f o r i n s t a n c e , 
the c a l c u l a t i o n r e g u i r e d to f i n d the c h a r g e f o r 3 days based on a 
w e e k l y r a t e i s d i v i s i o n by 7 f o l l o w e d by m u 1 t i p 1 i c a t i o n by 3 
( p g . 2 2 ) . 

The needs o f the w o r k i n g man and woman o f 1982 s h o u l d not be the 
g u i d i n g p r i n c i p l e s by w h i c h we d e c i d e on the m a t h e m a t i c s to be taught 
to a c h i l d who wi11 1i ve h i s l i fe i n the 21s t c e n t u r y , so a l t h o u g h 
such common sense methods p rove a d e q u a t e f o r many m a t h e m a t i c a l 
e x e r c i s e s we r e q u i r e c h i l d r e n to c o m p l e t e , they p r o v e i n a d e q u a t e i f 
the p rob lems a r e complex or i n v o l v e non i n t e g e r s and i n these 
c i r c u m s t a n c e s o f t e n l e a d to e r r o r , 

E r r o r s 
The CSMS d a t a r e v e a l e d t h a t c e r t a i n i tems on i n d i v i d u a l t e s t paper s 

p r o d u c e d the same wrong answer v e r y o f t e n (40-50 p e r c e n t l e v e l ) . 
These e r r o r s were not r e s t r i c t e d to p a r t i c u l a r s c h o o l s o r t e x t book 
use and seemed w o r t h y o f f u r t h e r i n v e s t i g a t i o n , In 1980 the SSRC 
f i n a n c e d a f u r t h e r p r o j e c t a t Che1sea ca 1 led S t r a t e g i e s and E r r o r s i n 
Secondary Ma themat i c s (SESM). The aims o f t h i s r e s e a r c h were to 
i n v e s t i g a t e the i d e n t i f i e d e r r o r s more d e e p l y and to t r y some 
r e m e d i a t i o n , V/e took e r r o r s i n the t o p i c s o f R a t i o and P r o p o r t i o n , 
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A l g e b r a , F r a c t i o n s , Measurement and Graphs and based o u r i n i t i a l work 

on i n t e r v i e w s w i t h c h i l d r e n who had commi t ted the e r r o r s i n wh i ch we 

were i n t e r e s t e d . The CSMS word p rob lems formed the f i r s t i n t e r v i e w 

s c h e d u l e and we a t t e m p t e d t o f i n d the methods c h i l d r e n used c o r r e c t l y 

as w e l l as the rea sons f o r the l a t e r i n c o r r e c t a n s w e r s , The u n d e r l y i n g 

r a t i o n a l e was t h a t c o n s i s t e n t e r r o r s i n s o l v i n g a p a r t i c u l a r type o f 

p r o b l e m were i n d i c a t i v e o f a mode o f t h i n k i n g and not j u s t an example 

o f a momentary l a p s e i n c o n c e n t r a t i o n . About 60 c h i l d r e n were 

i n t e r v i e w e d in e a c h . t o p i c i n v e s t i g a t i o n . The methodo logy i s 

i l l u s t r a t e d by examples f rom the R a t i o and P r o p o r t i o n i n v e s t i g a t i o n . 

The e r r o r b e i n g i n v e s t i g a t e d i n t h i s t o p i c was the i n c o r r e c t a d d i t i o n 

s t r a t e g y ( P i a g e t and I n h e l d e r , 1956; K a r p l u s , K a r p l u s , F o r m i s a n o and 

P a u l s e n , 1975) i n w h i c h one e n l a r g e s a d i a g r a m by a d d i n g an amount as 

i s shown i n f i g u r e 1. 

E n l a r g e m e n t o f the f i g ' u r e on 
the l e f t . New base o f 5 cm 

5 cm 

Age 13(n=800) l4(n=767) 15(n=690) 

3cm 7.9 1 K 0 19.7 

47.6 39.4 39.7 

p e r c e n t 

F i g u r e 1 The I n c o r r e c t A d d i t i o n S t r a t e g y 

The r e a s o n i n g o f c h i l d r e n g i v i n g the answer ' 4 ' i s t h a t 3 cm i n the 
s m a l l e r d i a g r am became 5 cm i n the l a r g e r by the a d d i t i o n o f 2 cm, so 
the new u p r i g h t must a l s o be found by a d d i n g 2 cm. T h i s same argument 
was put f o r w a r d by those i n t e r v i e w e d i n the SESM r e s e a r c h when the 
d i m e n s i o n s were changed so t h a t ( i ) the base l i n e s were 3 cm and 10 cm 
and ( i i ) the f i g u r e s were t r i a n g l e s . The ' a d d e r s ' who used t h i s method 
on t h r e e / f o u r o f the h a r d e s t CSMS e n l a r g e m e n t q u e s t i o n s , c o u l d 
r e c o g n i s e when f i g u r e s were not s i m i l a r . Indeed when a sked to draw the 
t r i a n g l e r e s u l t a n t f rom the a d d i t i o n o f 7 cm to the h e i g h t , t h e i r 
comments showed t h e i r d i s s a t i s f a c t i o n w i t h the new s h a p e : 
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" I t ' s too l o n g " 
" I t ' s too s t e e p " 
" L o o k s more t i 1 t e d " 
" N o t as s l o p e d " 
" T h e y 1 r e not the same" 
" I t ' s c l o s e " 

The i n t e r v i e w sample was t aken f rom c l a s s e s d e s c r i b e d as ' a v e r a g e ' by 
t h e i r t e a c h e r s ; they had been t augh t some a s p e c t s o f R a t i o and 
P r o p o r t i o n and were not r e g a r d e d as i n need o f r e m e d i a l h e l p . ' A d d e r s ' 
t h r o u g h o u t the CSMS s u r v e y had p r o v e d to be c h i l d r e n who c o u l d cope 
w i t h a number o f the CSMS i t e m s , They c o u l d f o r example e n l a r g e a 
d i a g r a m i n the r a t i o 2:1 and s o l v e q u e s t i o n s about a r e c i p e i n w h i c h 
the i n g r e d i e n t s f o r e i g h t p e o p l e were g i v e n and those f o r f o u r and s i x 
p e o p l e were r e q u i r e d (as long as f r a c t i o n c o m p u t a t i o n was not 
i n v o l v e d , i „ e „ 1/2 p i n t f o r 8 p e o p l e , How much f o r 6 ? ) . The new SESM 
i n t e r v i e w sample s i m i l a r l y gave answers o f t h i s t y p e . In p r e v i o u s 
p a p e r s ( H a r t , 1981) I have r e f e r r e d t o the c o r r e c t but n a i v e use o f 
a d d i t i o n as ' b u i l d i n g - u p ' t o an an swer . In the r e c i p e q u e s t i o n the 
i n g r e d i e n t s f o r s i x p e o p l e were found by a d d i n g the amount f o r f o u r 
p e r s o n s ( t h e o p e r a t i o n o f h a l v i n g ) to the amount f o r two p e o p l e 
( h a l v i n g a g a i n ) . The ' a d d e r s ' s u c c e s s t h e n , was imbedded i n these 
n a i v e methods i n w h i c h r e p e a t e d a d d i t i o n r e p l a c e d m u 1 t i p 1 i c a t i o n and 
f r a c t i o n s ( o t h e r than ' 1 / 2 ' ) were a v o i d e d . It was a n a t u r a l s t e p to 
seek an a d d i t i v e method f o r s o l v i n g the h a r d e r i tems i n wh i ch the 
f r a c t i o n e l e m e n t p l a y e d a l a r g e r p a r t . F i s c h b e i n (1983) d e s c r i b i n g 
some o f the CSMS r e s u l t s comments 

And t h i s i s not o n l y because the n o t i o n o f m u l t i p 1 i c a t i o n i s , 
i n t u i t i v e l y , r e l a t e d t o a m a g n i f y i n g e f f e c t , but a l s o because the 
o p e r a t i o n ó f m u l t i p l y i n g by a f r a c t i o n has no i n t u i t i v e meaning a t 
a l l ' M u l t i p l y i n g 2/3 (as a magn i tude ) by 6 (as a n o n - d i m e n s i o n a l 
o p e r a t o r ) means, i " t u i t i v e l y , 2/3 + 2/3 + 2/3 . . . . What i s the 
i n t u i t i v e meaning o f m u l t i p l y i n g 6 (as a magn i tude ) by 2/3 (as a 
n o n - d i m e n s i o n a l o p e r a t o r ) ? (pg .3) 

I n f o r m a t i o n f o r t e a c h e r s 

SESM - R a t i o and P r o p o r t i o n 
The s e c o n d p a r t o f the SESM work e n t a i l e d i n t e r v e n t i o n and some t r i a l s 
o f m a t e r i a l s t h a t t e a c h e r s c o u l d l a t e r use w i t h c h i l d r e n i n t h e i r 
c l a s s e s . T h u s , h a v i n g found a number o f rea sons why a c h i l d was g i v i n g 
the wrong answer we a t t e m p t e d t o i d e n t i f y a s e r i e s o f c o n s t r u c t s w h i c h 
matched the ' gaps i n the r e a s o n i n g o f the ' a d d e r s ' 1 , s t a r t i n g w i t h a 
d e m o n s t r a t i o n o f the outcome o f the method they were u s i n g and then 
s t r e s s i n g the o p e r a t i o n o f m u l t i p 1 i c a t i o n . The methodo logy was thus 
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t a i l o r e d to the e r r o r and c o u n t e r to the s u g g e s t i o n s o f Gagne (1983) 

when he r e f e r r e d to r u l e s o f c o m p u t a t i o n . 

H y p o t h e s i s 1 i s t h i s : The e f f e c t s o f i n c o r r e c t r u l e s o f 

c o m p u t a t i o n , as e x h i b i t e d i n f a u l t y p e r f o r m a n c e , can most r e a d i l y 

be overcome by d e l i b e r a t e t e a c h i n g o f c o r r e c t r u l e s » My 

i n t e r p r e t a t i o n o f p r e v i o u s p s y c h o l o g i c a l r e s e a r c h on ' u n l e a r n i n g ' 

i s t h a t i t i s a m a t t e r o f e x t i n c t i o n . T h i s means t h a t t e a c h e r s 

wou ld be s t i g n o r e the i n c o r r e c t p e r f o r m a n c e s and s e t about as 

d i r e c t l y as p o s s i b l e t e a c h i n g the r u l e s f o r c o r r e c t o n e s . An 

u n p r e f e r a b l e a l t e r n a t i v e i s to make s t u d e n t s f u l l y aware o f the 

n a t u r e o f t h e i r i n c o r r e c t r u l e s b e f o r e g o i n g on t o t e a c h the 

c o r r e c t o n e s . It seems to me t h i s i s v e r y l i k e l y a w a s t e o f t ime 

( p g . 1 5 ) . 

In R a t i o and P r o p o r t i o n I sought to d i s t i n g u i s h between a schema and 
c o n c e p t s and the s k i l i s needed f o r a s u c c e s s f u l d e m o n s t r a t i o n o f them 
w i t h i n s c h o o l m a t h e m a t i c s » I took as a m a t t e r o f e d u c a t i o n a l b e l i e f 
t h a t t h e r e were c h i l d r e n w i t h i n the g roup o f ' a d d e r s ' who were ' r e a d y ' 
to move t h e i r l e v e l o f u n d e r s t a n d i n g i f they were o n l y g i v e n the r i g h t 
i n f o r m a t i o n a t the t ime a p p r o p r i a t e f o r t h e i r n e e d s . An a d d i t i o n a l 
c o n d i t i o n was t h a t i dea s f o r r e m e d i a t i o n s h o u l d be i n a form t h a t 
t e a c h e r s c o u l d and would u s e » 

The module f o r R a t i o n and P r o p o r t i o n a d d r e s s e d i t s e l f to f o u r a r e a s i n 
w h i c h the a d d e r s a p p e a r e d to be d e f i c i ë n t : 

i ) the r e c o g n i t i o n o f the i n a c c u r a c y o f the d i a g r a m r e s u l t i n g f rom 
the use o f the i n c o r r e c t a d d i t i o n s t r a t e g y 

i i ) the need to see t h a t the c r u c i a l a r i t h m e t i c o p e r a t i o n i n v o l v e d 
was m u l t i p l i c a t i o n 

i i i ) • the p o s s e s s i o n o f a s k i 11 w h i c h w o u l d e n a b l e the c h i l d to 
m u l t i p l y d e c i m a l s (or f r a c t i o n s ) . T h i s i s d i s t i n g u i s h e d as a 
s e p a r a t e e n t i t y f rom the u n d e r s t a n d i n g o f what i s needed to 
p r o c u r e an e n l a r g e m e n t 

i v ) the p o s s e s s i o n o f a method w h i c h wou ld e n a b l e one t o f i n d a s c a l e 
f a c t o r , g i v e n a d i m e n s i o n and i t s e n l a r g e m e n t » 

The module was t r i e d w i t h s m a l l g roups o f a d d e r s , then h a l f c l a s s e s 
and f i n a l l y by t e a c h e r s w i t h c l a s s e s o f c h i l d r e n whom they c o n s i d e r e d 
to be o f ' a v e r a g e ' a b i l i t y . The r e s u l t s f o r the f o u r t e a c h e r s who used 
the m a t e r i a l s f o r two weeks t e a c h i n g a r e shown i n f i g u r e 2. In f i g u r e 
2b we can see t h a t the i n c o r r e c t a d d i t i o n s t r a t e g y has c o m p l e t e l y 
d i s a p p e a r e d a t the immedia te p o s t t e s t but some c h i l d r e n have r e v e r t e d 
to i t by the t ime o f the d e l a y e d p o s t t e s t , 11 weeks l a t e r . Of the 2't 
c h i l d r e n i n the f o u r s c h o o l s who wou ld have been d e s i g n a t e d ' a d d e r s ' 



Har t 1''8 

on the CSMS t e s t because they used the i n c o r r e c t a d d i t i o n s t r a t e g y on 

t h r e e / f o u r o f the f o u r h a r d e s t q u e s t i o n s , 23 were no l o n g e r i n t h i s 

c a t e g o r y on the d e l a y e d p o s t t e s t , S o l v i n g the i tems c o r r e c t l y i s more 

d i f f i c u l t and as can be seen f rom f i g u r e 2 a , a l t h o u g h the p e r f o r m a n c e 

o f e v e r y c l a s s i m p r o v e d , s c h o o l f o u r ' s r e s u l t s show a s h a r p d e e l ine 

between immediate and d e l a y e d p o s t t e s t s . 

F i g u r e 2a 

100 

80 

60 

40 

• 

fl Y x 

/1 

/ f ' 

\ \ 
\ s 

• 

i 

1 

\ 

1 

F i g u r e 2b 

P r e - t c s t Immediate 
P o s t - t e s t 

Delayed 
P o s t - t e s t 

P r e - t e s t Delayed 
P o s t - t e s t 

C o r r e c t Answers 
.... School 1 

School 3 
School 4 
School 6 

A d d i t i o n S t r a t e g y Answers 

The percentage i s o b t a i n e d : 100 x Number of answers ftiven 
Number of answers p o s s i b l e 

F i g u r e 2 R e s u l t s f o r the s c h o o l t r i a l 
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P o s i t i v e i n t e r v e n t i o n by the t e a c h e r , d e s i g n e d to meet a s p e c i f i c and 

i d e n t i f i e d need has been shown to be e f f e c t i v e . It wou ld seem v e r y 

o f t e n t h a t i n t e r v e n t i o n w h i c h i s too g e n e r a l o r too f a r removed f rom 

the m i s c o n c e p t i o n f a i l s t o e f f e c t any improvement 0 

I m p l i c a t i o n s 
I have been t o l d by v a r i o u s t e a c h e r s tha t the CSMS r e s u l t s mean 

t h a t h a l f o u r p o p u l a t i o n i s i n c a p a b l e o f d o i n g s e c o n d a r y s c h o o l 
m a t h e m a t i c s ; t h a t the s u b j e c t i s f o r an e l i t e ; t h a t p r i m a r y s c h o o l 
t e a c h e r s have f a i l e d o r tha t s e c o n d a r y s c h o o l t e a c h e r s have f a i l e d ; 
t h a t p r a c t i c a l work and c o n c r e t e a i d s / m a n i p u l a t i v e s need to be used to 
a much l a t e r age than i s c u r r e n t l y the p r a c t i c e e t c A l 1 o f t he se a r e 
o f c o u r s e m a t t e r s o f o p i n i o n and even p o l i t i c s and t h e i r g e n e r a l i t y 
h i d e s the s u b t l e t y o f the p r o b l e m o f t e a c h i n g ma themat i c s to c h i l d r e n . 
The s t a t e m e n t ' h e i s no t ready becau se he i s a t the c o n c r e t e s t a g e ' 
can be as c r u d e a d i a g n o s i s in i t s own way as ' h e i s 14 y e a r s o f age 
and so s h o u l d be a b l e to do . „ . „ ' „ N e i t h e r n e c e s s a r i l y d e s c r i b e the 
c h i l d and i t s n e e d s . Our e v i d e n c e o f the e x i s t e n c e o f c h i 1 d - m e t h o d s 
and a l t e r n a t i v e f rameworks s u g g e s t s a p i c t u r e o f a f a r f rom smooth 
t r a n s i t i o n f rom the s t a t e o f r e l i a n c e on c o n c r e t e a i d s to ' f o r m a l ' 
methemat i cSo We wou ld a g r e e w i t h the s t a t e m e n t by O r i v e r and E a s l e y 
( 1 9 7 8 ) . 

It has been s u g g e s t e d t h a t i n d e s i g n i n g i n s t r u c t i o n a l s equence s 
a t t e n t i o n needs to be g i v e n not o n l y to the s e q u e n c e o f o p e r a t i o n s 
o r i d e a s to be t aught but t o the o p e r a t i o n s o r i d e a s p u p i l s tend to 
a p p l y s p o n t a n e o u s l y to t a s k s „ 

' „ o. „ „ u n t i l one u n d e r s t a n d s what s t u d e n t s do s p o n t a n e o u s l y one 

w i l l no t be a b l e t o d e m o n s t r a t e the l i m i t s o f t h i s a p p r o a c h to 

them' (Case 1 9 7 6 ) . 

Knowledge o f p u p i l s ' a l t e r n a t e frameworks has been used i n 

c o n s t r u c t i n g l e a r n i n g t a s k s i n s c i e n c e ( p g . 7 8 ) . 

The p a t h i s l i t t e r e d w i t h the j a g g e d rock s o f methods f ound r e l i a b l e 
by the c h i l d when he was young and i n wh i ch he s t i l l p l a c e s h i s 
c o n f i d e n c e , the methods he has i n v e n t e d and wh i ch cause him to be 
t a l k i n g on a d i f f e r e n t l e v e l t o h i s t e a c h e r s and f i n a l l y , the b e l i e f 
t h a t i t i s a l l mag ie anyway. The t e a c h e r must f i n d ou t the l o c a t i o n o f 
t h e s e r ock s and w i t h o u t d e s t r o y i n g them l e a d the c h i l d to a h i g h e r 
p l a n e . The d i v i s i o n between the h i g h e r p l a n e o r ' f o r m a l ' m a t h e m a t i c s 
and the l e v e l o f the c h i l d may, to c o n t i n u e the a l l e g o r y be r a t h e r a 
l a r g e p l a t e a u , a huge chasm o r a s m a l l s t e p , we have v e r y l i t t l e 
i n f o r m a t i o n on t h i s . We do f o r examp le know f rom o u r CSMS d a t a t h a t 
the two q u e s t i o n s i n f i g u r e 3» g i v e n to the same c h i l d r e n on the same 
d a y , gave v e r y d i f f e r e n t r e s u l t s . 
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T h e r e seems to be a l a r g e gap between the d i f f i c u l t y o f q u e s t i o n 

( i ) w h i c h can be s o l v e d by c o u n t i n g and a d d i n g and the f o r m a l i s a t i o n 
needed f o r q u e s t i o n ( i i ) . 

Age 12 13 14 y r s Age 12 13 14 y r s 

77.5 86 .9 91 .4 31.4 38 .7 47.5 
p e r c e n t c o r r e c t p e r c e n t c o r r e c t 

F i g u r e 3 CSMS a r e a q u e s t i o n s 

The Pa th o f Forma1i s a t i o n 
T e a c h e r s in B r i t a i n who f o l l o w the ' o f f i c i a l l i n e ' i n t e a c h i n g 

wou ld a p p r o a c h a f o rma l m a t h e m a t i c a l s t a t e m e n t th rough a w e a l t h o f 
p r a c t i c a l e x p e r i e n c e f o r the c h i l d r e n but t h e r e wou ld come a t ime when 
they e x p e c t e d the c l a s s to dea l w i t h symbo l s and a b s t r a c t i o n w i t h o u t 
the c o n c r e t e a i d s . At C h e l s e a we a r e c u r r e n t l y l o o k i n g a t the 
t r a n s i t i o n s t a g e between p r a c t i c a l e x p e r i e n c e and f o rma l ma themat i c s 
f o r c h i l d r e n aged 8 - 1 3 . The s t e p f rom one to the o t h e r may be too 
g r e a t and e x p e r i e n c e s w h i c h p r o v i d e a b r i d g e between them may be 
c a l l e d f o r . I g i v e as an a n e c d o t a l i l l u s t r a t i o n a c o n v e r s a t i o n w i t h a 
ten y e a r o l d , P a u l , who has j u s t s p e n t a month d o i n g p r a c t i c a l work 
r e l a t i n g to vo lume p r i o r to l e a r n i n g t h a t the volume o f a c u b o i d i s 
g i v e n by 'V = I x b x h ' . The p r o b l e m used i s the w e l l known P i a g e t i a n 
example o f d e c o m p o s i t i o n o f a c u b o i d as shown in f i g u r e 4. 

B l o c k ' C ' i s made by p u t t i n g some s m a l l cubes t o g e t h e r : 

C 

How many cubes make t h i s b l o c k ' C ' i f t h e r e a r e no gaps i n s i d e ? . » 
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c) A l 1 the cubes f rom b l o c k ' C ' a r e put in a p i l e : 

I am now g o i n g to use a11 these cubes f rom b l o c k ' C ' to bui l d a 

' s k y - s c r a p e r 1 so t h a t the bot tom f l o o r i s 4 cubes 

How many cubes h i g h wou ld t h i s ' s k y - s c r a p e r ' be f rom the g r o u n d ? . . 

F i g u r e 'i Volume g u e s t i o n s used on i n t e r v i e w 

( I n t e r v i e w e r : I - P a u l : P) 

I: I have a p i c t u r e h e r e „ T h a t i s made l i k e tha t ( showing c u b o i d ) 
t h a t i s j u s t the p i c t u r e » Then I t e a r i t a l l t o p i e c e s , to g e t 
these b r i c k s l i k e t h a t . Then I b u i l d i t up a g a i n . T h i s t ime I b u i l d 
i t up on top o f t h a t ( p o i n t i n g t o ). How h i g h wou ld i t go? 
(Repeats b r i e f l y ) . 
Can I do i t any way, but j u s t f i n d the answer? 
I wou ld p r e f e r you not to b r e a k i t up but i f you need to b reak i t 
up , w e l l go a h e a d . Can you do i t w i t h o u t b r e a k i n g i t up? 
I t ' s 3 f o u r s in e a c h l a y e r . 
Good 
So , 1, 2, . . . t h a t makes 4 t h e r e . A n o t h e r . . . ( l o n g pause) 
Can I t e i l you what you s a i d when you worked t h a t ou t ? You 
t h r e e f o u r s . Then you w r o t e t h a t 

s a i d 

Then you s a i d t h r e e f o u r s and you w r o t e 
to do ? 

J u s t . . . i t ' s 12 i s n ' t i t ? 
Twe lve F o u r s ? 
Twe lve i n t o . . . 

3 4 
3 4 

t h a t . What a r e you g o i n g 
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I: Twe lve i s what . . . ? Is i t a l l the l o t . Or i s i t a l a y e r ? Or is i t 
t h r e e f o u r s ? Or what ? 
P: I t ' s . . . k i n d o f how many f o u r s i s t h r e e t imes 12 f o u r s . 

I: C o u l d you show me 12 f o u r s , on t h a t , you see t h a t b l o c k there., 

Where a r e the f o u r s . 
P: Do you want me to b reak i t up ? 
I: No, you d i d n ' t b reak i t up to get to t h a t answer,, D id you? 
P: T h e r e ' s a f o u r h e r e 0 You s a i d 3 up, to make i t how h i g h . 
I: A re you g i v i n g me the answer t h e n , 12» 
P: Yes 

I: So , i s i t 12 h i g h ? 
P: Yes 
I: I d o n ' t u n d e r s t a n d . Tha t i s the d r a w b a c k » Do you t h i n k you c o u l d 

e x p l a i n to me v e r y s l o w l y , what you were d o i n g » 
P: A l r i g h t . 

I: I f ound t h a t b i t I t hough t you s a i d t h r e e f o u r s and t h a t was a 
l a y e r , was i t not ? 

P: T h i s i s f o u r , f o u r and f o u r , so i t ' s t h r e e » T h r e e »»„ 
I: I s e e , t h r e e l i t t l e b i t s o f f o u r 

P: Yes „o» t h r e e t ime i t - sounds a l i t t l e b i t l i k e a t a b l e 
I: Tha t i s what I thought you were d o i n g , you s e e » But you a r e n o t . 

T h e r e a r e 3 f o u r s in t h a t top l a y e r , I a g r e e » 
P: Then t h e r e ' s a n o t h e r f o u r and a n o t h e r f o u r . T h a t ' s what I 1 v e 

w r i t t e n here and t h a t a l l comes up to 12. 
I: Twe1ve f o u r s ? 
P: Y e s . 
I: So I s ee 
P: And t h a t ' s the h e i g h t . 

I: S p l e n d i d » Now I u n d e r s t a n d » So t h a t i s the h e i g h t o f o u r 
s k y c r a p e r ? 

P: Yes » . . Do you u n d e r s t a n d now ? 
I: Yes . . . I'm not s u r e I a g r e e but I u n d e r s t a n d » 

Pau l has not moved f rom c o u n t i n g cubes to m u l t i p l i c a t i o n but to a 
c o l l e c t i o n o f f o u r s ( — ), he i s not a t a f o r m a l i s a t i o n s t a g e but not 
c o m p l e t e l y t i e d t o the c o n c r e t e e i t h e r . 
The r e s e a r c h d e s i g n o f ' C h i l d r e n ' s M a t h e m a t i c a l F rameworks ' i n v o l v e s 
t h e t e a c h e r i n w r i t i n g a scheme o f work and j u s t i f y i n g i t to u s . Then 
we i n t e r v i e w s i x c h i l d r e n i n the c l a s s j u s t p r i o r to the l e s s o n ( s ) 
i n v o l v i n g the f o r m a l i s a t i o n , . to t r y to a s c e r t a i n the n a t u r e o f the 
p r e - r e q u i s i te knowledge ( i d e n t i f i e d i n the scheme o f work) t h a t they 
p o s s e s s . We l i s t e n to and t ape r e c o r d the l e s s o n ( s ) when the t e a c h e r 
f o r m a l i s e s the i d e a and then we t a l k to the s i x c h i l d r e n a g a i n , 
i m m e d i a t e l y and a f t e r t h r e e months have e l a p s e d i n o r d e r to see 
whe the r they u t i l i s e the f o r m a l i s a t i o n and then how the n a t u r e o f 
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t h e i r u n d e r s t a n d i n g has changed i n the i n t e r v e n i n g p e r i o d . From t h i s 

we hope to o b t a i n e v i d e n c e w h i c h sheds l i g h t on the s o u r c e o f a number 

o f m i s c o n c e p t i o n s and c h i l d methcds shown by s e c o n d a r y s c h o o l 

c h i l d r e n . 

Chi 1 d r e n and t e a c h e r s 

The c a s e has been made t h a t i n t e r v i e w s w i t h c h i l d r e n e n a b l e us to 

d i s c o v e r c o n s i d e r a b l y more about the n a t u r e o f the c h i l d ' s 

u n d e r s t a n d i n g than we c o u l d f rom h i s p e r f o r m a n c e on a pene i 1 and paper 

t e s t . L e t us e x t e n d t h i s i d e a to i n c l u d e o t h e r t ypes o f v e r b a l 

i n t e r c h a n g e . 

Diseussion and Debate 
A d u l t s p l a c e p a r t i c u l a r r e g a r d on o r a l c o m m u n i c a t i o n ; we a l l a t t e n d 

a c o n f e r e n c e because a l t h o u g h we can read the p a p e r s we v a l u e the 
o p p o r t u n i t y t o h e a r p e o p l e and to ask them q u e s t i o n s . 
We seem not t o t h i n k c h i l d r e n m igh t b e n e f i t f rom the same type o f 
i n t e r c h a n g e . I s u g ge s t t h a t c h i l d r e n a r e e x p e c t e d to ask o n l y the 
q u e s t i o n s the t e a c h e r h i s p l a n n e d f o r and to w h i c h the answer i s 
known. 

We tend to t h i n k t h a t we a r e p r o t e c t i n g c h i l d r e n when we omi t the 
awkward example o r s l i d e o v e r the l e s s than s a t i s f a c t o r y e x p l a n a t i o n . 
I t i s thought c h i l d r e n a r e l e s s c o n f u s e d i f many o f the c o m p l e x i t i e s 
o f a s i t u a t i o n a r e d i s g u i s e d . Fo r example i n l x b x h , i s 1 somet imes b 
and sometimes h o r i s the l a b e l p e r m a n e n t l y a t t a c h e d to a s i d e ? We 
e s s e n t i a l l y l e a v e the c h i l d t o d i s c o v e r t h e s e i n c o n s i s t e n c i e s when he 
i s a l o r i e . We tend to t h i n k t h a t c h i l d r e n ' s o p i n i o n s a r e not w o r t h 
h e e d i n g and a l t h o u g h we may somet imes . l i s t e n to a c h i l d e x p l a n a t i o n , 
we q u i c k l y i n t e r j e c t w i t h o u t i n t e r p r e t a t i o n o f the s i t u a t i o n . I 
s u g g e s t in f a c t we s h o u l d make a p o s i t i v e and p e n e t r a t i n g e f f o r t t o 
f i n d ou t what the c h i l d i s d o i n g , as B a u e r s f e l d (1978) s a i d . 

E r l w a n g e r ' s ca se s t u d i e s a r e r e l a t e d t o programs f rom i n d i v i d u a l 
P r e s c r i b e d I n s t r u c t i o n . H i s d o c ü m e n t a t i o n o f s t u d e n t s ' m a t h e m a t i c a l 
m i s c o n c e p t i o n s and d e f i c i e n c i e s d e m o n s t r a t e ' how ma themat i c s 
l e a r n i n g can be damaged by r e s t r i c t e d t e a c h e r - s t u d e n t c o m m u n i c a t i o n 
- a r e s t r i c t i o n w h i c h l e a d s t o the n e a r l y t o t a l ab sence o f 
n e g o t i a t i o n s o v e r m e a n i n g s . (pg .5) 

T e a c h i n g and l e a r n i n g m a t h e m a t i c s i s r e a l i s e d t h rough human 
' i n t e r a c t i o n . It i s a k i n d o f mutua l i n f l u e n c i n g , an i n t e r d e p e n d a n c e 

o f the a c t i o n s o f b o t h t e a c h e r and s t u d e n t on many l e v e l s . It i s 
not a u n i l a t e r a l s e n d e r - r e c e i v e r r e l a t i o n . I n e v i t a b l y the s t u d e n t ' s 
i n i t i a l m e e t i n g w i t h ma themat i c s i s m e d i a t e d th rough p a r e n t s , 
p l a y m a t e s , t e a c h e r s . The s t u d e n t ' s r e c o n s t r u c t i o n o f m a t h e m a t i c a l 
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meaning i s a c o n s t r u c t i o n v i a s o c i a l n e g o t i a t i o n about what i s 

meant and about w h i c h p e r f o r m a n c e o f meaning g e t s the t e a c h e r ' s (or 

the p e e r ' s ) s a n c t i o n ( p g . 1 9 ) . 

The e f f e c t i v e n e s s o f t e a c h e r s i s c l o s e l y I i n k e d to amount o f 

d e v e l o p m e n t a l work (as opposed to p r a c t i c e ) they a r e p r e p a r e d to 

i n t r o d u c é i n t o t h e i r l e s s o n s , Grouws (1982)., 

Deve lopment i s a p a r t o f most ma themat i c s l e s s o n s i n wh i ch the 

t e a c h e r a c t i v e l y i n t e r a c t s w i t h p u p i l s » In v e r y g e n e r a l t e r m s , 

deve lopment can be though t o f as t h a t p a r t o f the l e s s o n d e v o t e d to 

the m e a n i n g f u l a c q u i s i t i o n o f m a t h e m a t i c a l i d e a s , i n c o n t r a s t to 

o t h e r p a r t s o f the l e s s o n such as p r a c t i c e o r r e v i e w ( p g . 5 ) » 

I f deve lopment i s v i ewed i n a g l o b a l way, then t e a c h e r s ' a t t e n t i o n 

to the meaning o f m a t e r i a l p r e s e n t e d i s v i t a l l y i m p o r t a n t , and 

deve lopment must be u n d e r s t o o d i n terms o f p r o m o t i n g s t u d e n t 

t h o u g h t „ F u t u r e c l a s s r o o m r e s e a r c h must s t u d y more e x t e n s i v e l y the 

c o n t e n t t h a t i s p r e s e n t e d to s t u d e n t s r a t h e r than i n s t r u c t i o n a 1 

t ime p e r se ( p g „ 1 7 ) . 

Bo th o f t h e s e a s p e c t s can be a c h i e v e d , I s u g g e s t , i f one i n v o l v e s the 

c h i l d r e n i n a d i s c u s s i o n o f the t o p i c under c o n s i d e r a t i o n . E a s l e y 

(1982) a f t e r h i s r e s e a r c h i n Japan has been t r y i n g to encou rage some 

I l l i n o i s t e a c h e r s to b u i l d - i n deba te and d i s c u s s i o n as p a r t o f t h e i r 

normal t e a c h i n g » 

In K i t amaeno S c h o o l , we had seen t e a c h e r s u r g i n g s t u d e n t s to f i n d 

as many methods as p o s s i b l e , and u r g i n g s t u d e n t s to l e a r n s e v e r a l 

methods f o r each k i n d o f p r o b l e m » T h i s a p p r o a c h c o n t r a s t s w i t h t h a t 

o f the t e a c h e r s we were w o r k i n g w i t h , who wou ld f e e l happy i f they 

c o u l d t e a c h one method w e l l f o r each k i n d o f p r o b l e m » (pg.137) 

Some f u r t h e r r e s e a r c h c a r r ï e d ou t by M a l v e r n and B e n t l e y (1982) adds 

w e i g h t to the argument t h a t ve b a l c o m m u n i c a t i o n between t e a c h e r and 

. i i l d c o u l d be a r e w a r d i n g e x p e r i e n c e f o r b o t h . 

The a im o f the P r o j e c t was to augment the r o u t i n e c l a s s t e a c h i n g o f 

s i x t o e i g h t y e a r s o l d w i t h some e x t r a work i n m a t h e m a t i c s , 

i n c r e a s i n g the s cope f o r d i s c u s s i o n , and p a y i n g p a r t i c u l a r 

a t t e n t i o n t o the use o f a p p r o p r i a t e , s i m p l e , unambiguous l a n g u a g e . 

The pu rpose o f the e v a l u a t i o n was to a s c e r t a i n i f any m e a s u r e a b l e 

improvement i n ma themat i c s was a c h i e v e d » To p r o v i d e the e x t r a 

t e a c h i n g s i x p r i m a r y t e a c h e r s were seconded to the P r o j e c t f o r two 

y e a r s » A l l s i x were e x p e r i e n c e d t e a c h e r s but none was p a r t i c u l a r l y 

s p e c i a l i s e d i n m a t h e m a t i c s b e f o r e the P r o j e c t began ( p g . 1 ) . 
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On a v e r a g e an e x t r a s i x hundred m i n u t e s m a t h e m a t i c s t e a c h i n g was 

p r o v i d e d by the P r o j e c t t e a c h e r s to each i n f a n t p u p i l and s i x 

hundred and t w e n t y - f i v e m i n u t e s to e a c h j u n i o r p u p i l . A g a i n on 

a v e r a g e t h i s means each p u p i l r e c e i v e d 17 o r 18 m i n u t e s per week 

e x t r a ma themat i c s t aught i n a smal 1 g roup o f be.tween 3 and 5 p u p i l s 

f o r the most p a r t . Some p u p i l s r e c e i v e d much more , some much l e s s 

but the b u l k o f the p u p i l s r e c e i v e d about the a v e r a g e , F i f t e e n to 

twenty m i n u t e s a week i s a modest amount o f t ime compared to the 

normal - c l a s s t ime g i v e n o v e r to ma themat i c s t e a c h i n g e s t i m a t e d at 

between 5 and 6 hour s pe r week ( p g . 2 ) . 

We can say w i t h o u t e q u i v o c a t i o n t i i a t t he measured a c h i e v e m e n t i n 
ma themat i c s was enhanced by the P r o j e c t . The enhancement was l a r g e 
i n s c a l e , and the r e s u l t s o v e r a l l showed a ma jo r improvement had 
been a c h i e v e d t h r o u g h t h i s work ( p g . 2 ) „ 

The enhanced p e r f o r m a n c e o f the p u p i l s i s a c c o u n t e d f o r by a number o f 
f e a t u r e s o f the p r o j e c t , the a u t h o r s m e n t i o n f o u r , one o f wh i ch i s : 

Sma l l Groups and D j s c u s s i o n . The P r o j e c t t e a c h e r s worked w i t h s m a l l 
g r o u p s . T h i s a l l o w e d not o n l y a l o t more i n d i v i d u a l a t t e n t i o n to be 
g i v e n to e a c h c h i l d , but a l s o the encouragement o f d i s c u s s i o n o f 
m a t h e m a t i c s . It was the P r o j e c t t e a c h e r s ' i n t e n t i o n to promote t a l k 
about the work among the c h i l d r e n bo th t o improve l i n g u i s t i c s k i l i s 
g e n e r a l l y and to make mathemat i c s a c t i v e and l i v e l y . The s m a l l s i z e 
o f the g roups was i m p o r t a n t i n c r e a t i n g the c i r c u m s t a n c e s where 
e a c h p u p i l was a b l e to c o n t r i b u t e , as w e l l as r e s u l t i n g i n the 
t e a c h e r s ' g u i d a n c e b e i n g q u i c k l y a v a i l a b l e i m m e d ï a t e l y i t was 
r e q u i r e d ( p g . 3 ) . 

Conc1us i on 

In t h i s p a p e r I have a t t e m p t e d to p r o v i d e an argument f o r r e s e a r c h 
w h i c h i s based on i n t e r v i e w s by i 1 l u s t r a t i n g the advan tage s w i t h 
r e s u l t s and i n s i g h t s o b t a i n e d in the CSMS and SESM r e s e a r c h a t 
C h e l s e a . C h i l d r e n o f ten use methods f o r s o l v i n g m a t h e m a t i c a l p rob lems 
t h a t a r e f a r removed f rom the a l g o r i t h m s they a r e assumed to be 
u t i l i s i n g . The p r o c e s s o f t e a c h i n g c h i l d r e n i s v e r y complex and we do 
a d i s s e r v i c e t o b o t h t e a c h e r s and c h i l d r e n i f we p r e t e n d i t i s 
s t r a i g h t f o r w a r d . The s u b t l e t y o f a p p r o a c h needed might b e s t be 
a c c o m p l i s h e d by g r e a t e r v e r b a l i n t e r c h a n g e i n the c l a s s r o o m , i n c l u d i n g 
d i s c u s s i o n and d e b a t e . We must s u r e l y l e a r n to change so t h a t the 
f u t u r é i s no t as D a v i d Page (1983) s a d l y r e f l e c t e d on the i n t r o d u c t i o n 
o f 'New M a t h ' i n t o A m e r i c a n s c h o o l s : 
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• T e a c h e r s t r e a t e d the new i d e a s i n m a t h e m a t i c s as they had l e a r n e d -

to t r e a t o t h e r e d u c a t i o n a l i n n o v a t i o n s : put i n the r e q u i r e d t i n e 

a t the workshops and 'wear w i d e t i e s w h i l e they a r e i n s t y l e ' . 

Then go back to y o u r c l a s s r o o m , c l o s e the d o o r , and do what you 

have been d o i n g ( p g . l ) „ 
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